Introduction
Let N = {1, 2, 3, . . .} and N 0 = N ∪ {0}. Set
If n / ∈ N we set σ (n) = 0. (1, 1, 1, 4) , (1, 1, 1, 9) , (1, 1, 4, 4) , (1, 1, 9, 9) , (1, 4, 4, 4) , (1, 9, 9, 9) appear in the literature, [1, 2] . In this paper we treat the remaining nineteen forms (Theorems 2.1-2.19). The form (1, 4, 9, 36 ) was treated by Gogisvilii [9, p. 101] .
We also require the theta function ψ(q) defined by
Definition 1.1. For k ∈ N and q ∈ C with |q| < 1, we define
The identity (1.4) is used to express T (q) in terms of theta functions, see (6.1) . It is clear from (1.5) that c(n) = 0 if n ≡ 1 (mod 6) . We set 
t(n),
if n ≡ 1 (mod 12), 2σ (n) + 1 3 t(n), if n ≡ 2 (mod 12), 1 3 σ (n) + 3σ (n/9) + 1 3 t(n), if n ≡ 3 (mod 12), 2σ (n/4) − 8σ (n/16) + 4c(n/4), if n ≡ 4 (mod 12), 8 3 σ (n) + 
if n ≡ 6 (mod 12), 1 3 σ (n) + 2c(n) + 1 3 t(n), if n ≡ 7 (mod 12), 4σ (n/4) − 16σ (n/16), if n ≡ 8 (mod 12), 5 3 σ (n) + 3σ (n/9) + 1 3
if n ≡ 9 (mod 12),
if n ≡ 10 (mod 12), 4 3 σ (n) + 
if n ≡ 8 (mod 12), 10 9 σ
c(n/4), if n ≡ 4 (mod 12), 8 9 σ (n) +
if n ≡ 6 (mod 12), 2 9 σ (n) + 
if n ≡ 10 (mod 12), 4 9 σ (n) +
if n ≡ 3, 7, 11 (mod 12), 4 3 σ (n/4) − c(n/4), if n ≡ 4 (mod 12), 4 9 σ (n) + 2 9 t(n), if n ≡ 5 (mod 12), 4 3 σ (n/9), if n ≡ 6 (mod 12), 4 3 σ (n/4) −
if n ≡ 9 (mod 12), 2 9 σ (n) +
if n ≡ 6 (mod 12), 4 9 σ (n) − 
if n ≡ 10 (mod 12), 2 9 σ (n) −
if n ≡ 1 (mod 12), 2 3 σ (n/2) − c(n/4), if n ≡ 4 (mod 12), 4 3 σ (n/9),
if n ≡ 9 (mod 12), 1 9 σ (n) + 
if n ≡ 1 (mod 12), 2 3 σ (n/2) + c(n/4), if n ≡ 4 (mod 12), 8 9 σ (n) − 2 9 t(n), if n ≡ 5 (mod 12), 4 3 σ (n/9), if n ≡ 6 (mod 12), 4 3 σ (n/4) −
if n ≡ 2, 3, 6, 7, 10, 11 (mod 12), 4 3 σ (n/4) − 
A numerical study showed that there do not exist rational numbers u, v, w (not all zero) with
so that the formulation of each of the above theorems cannot be simplified in the case n ≡ 1 (mod 12). Similarly for the remaining congruence classes.
Theta function identities
We state nineteen theta function identities (Theorems 3.1-3.19) from which the theorems of Section 2 follow. 
It is convenient to define α(q), β(q) and γ (q) by
Theorem 3.9.
L 10,12 (q) 
Theorem 3.12. ϕ(q)ϕ
Theorem 3.14.
Theorem 3.15.
T 10 (q).
The (p, k)-parametrization
Following [6, p. 178] we set
. (1 + 2p)
We use the following basic properties of ϕ(q), see for example [5] :
The change of sign principle and Proposition 4.1 yield Proposition 4.3.
Proposition 4.3.
(a) ϕ(−q) = (1 − p)
It was shown in [1, p. 156 ] that 
(4.9) Theorem 4.1.
Proof. The assertion follows immediately from (1.5) and (4.9). 2 Theorem 4.2. (1
Proof. 
18
(1 
The second assertion follows on replacing q by q 4 in the first one. 2), (1.4), (1.6) and (4.2) , we obtain
Let ω denote any 12th root of unity. Then
Thus we obtain
In particular we have ϕ ω
Replacing q by ωq in (6.1), and appealing to (6.3) and (6.4), we obtain
Next for r ∈ {0, 1, . . . , 11} we have with ω chosen to be e
Appealing to (6.2)-(6.5), using MAPLE, we calculate T (ω k q), and then by substituting the values of T (ω k q) in (6.6), we obtain T r (q) (r ∈ {0, 1, . . . , 11}) in the form
The coefficients b r (i, j, k, l) are given in 
9/2 0 9 0 
Recall that c(n) = 0 for n ≡ 1 (mod 6). We have
Proof. Sun [11] has shown that for a, b ∈ N and q ∈ R with |q| < 1
Multiplying both sides by 2q, we obtain 2q
as R(1, 0, 36; 0) = 1, R(1, 0, 36; 1) = 2, R(4, 0, 9; 0) = 1, R(4, 0, 9; 1) = 0. Squaring both sides, we obtain the asserted identity by (1.5). 2
Evaluation of L i, j (q)
Theorem 8.1.
The asserted result now follows using (4.4) and (4.5). 2
Proof. Recall that for all n ∈ N, we have
Hence, appealing to (8.1), we deduce Equating the coefficients of q n completes the proof.
